Abstract: The simplest dyons in the toroidal compactifications of type IIB string theory correspond to non-trivial dilaton, NS two form and metric in 10D. Presuming that the NS two form can be considered as torsion (MT conjecture), we construct all the α ′3 corrections from the known R 4 correction before utilizing Sen's formalism to evaluate α ′3 corrections to the entropy of such simplest dyon. These corrections are found non-vanishing. On the contrary, we argue that the strong OSV conjecture implies they should be vanishing. This conflict validates only one of the strong OSV conjecture or the strong MT conjecture.
Introduction
Ref. [1] has conjectured that the supersymmetric partition function for a four dimensional BPS-black hole in a Calabi-Yau compactification of type II super string theories, Z BH , is given by Z BH = |Z top | 2 where Z top is a second-quantized topological string partition function evaluated at the attractor point in moduli space associated to the black hole charges. A toroidal compactification of II super string theories not only retains the symmetries of compactification on a Calabi-Yau manifold but also has more symmetries. The partition function for a four dimensional BPS-black hole in a Toroidal compactification of type II super string theories, therefore, presumably is given by Z BH = |Z top | 2 where Z top is a second-quantized topological string partition function evaluated at the attractor point in moduli space associated to the black hole charges. We refer to this latter statement as the strong OSV conjecture.
The strong OSV conjecture implies that only the F-terms in the effective N = 2 supergravity Lagrangian contributes to the entropy. In terms of the higher derivative expansion, the first F-term is R 2 corrections where R stands for the Rimann tensor. In type IIB theory, the dominant subleading perturbative corrections is at order α ′3 R 4 or g s α ′3 R 4 where g s is the string coupling constant. This suggests that the computable Fterms by the OSV conjecture are due to either non-perturbative α ′ or g s corrections, and implies that the perturbative α ′3 corrections do not contribute to the entropy of a four dimensional BPS-black hole in a Toroidal compactification of type II super string theories.
The perturbative α ′3 corrections in type IIB are known for 10D backgrounds composed of the metric and dilaton. In supergravity approximation, the field strength of the NS twoform can be considered as the torsion of the space-time manifold. This evidence, beside to the manifest α ′ corrections in the Heterotic string theory, has been used in [2] to conjecture that in the absence of the gravitational Chern-Simons corrections there exists an scheme in which the field strength of the NS two-form remains as torsion up to all order in α ′ at the level of equations of motion. We refer to this conjecture as the strong MT conjecture. Within this scheme an effective action expressed in term of the generalized Riemann tensor (constructed from a connection given by Christoffel symbol appropriately added to the field strength of the NS two-form) governs physics and dynamics of the fields after imposing that the exterior derivative of the torsion vanishes. The strong MT conjecture combined with the known α ′3 corrections, therefore, might lead to all the α ′3 correction in type IIB for 10D backgrounds of non-trivial NS tow-form, metric and dilaton.
The simplest dyons in the toroidal compactification of type 10D IIB string theory correspond to non-trivial dilaton, NS two form and metric in 10D. Some of these dyons are four dimensional BPS-black holes with the near-horizon geometry of AdS 2 × S 2 which represent a wrapped fundamental string carrying winding and KK momentum in the presence of HH and KK monopole [3] . We go to the limit of large charges and the vanishing string coupling constant outside the event horizon. We then utilize Sen entropy formalism [4, 5] to evaluate all the perturbative α ′3 corrections to black hole entropy after employing the strong MT conjecture. We see that these corrections are not vanishing. As argued, on the other hand, the strong OSV conjecture implies that they should be vanishing. This conflict indicates that only one of the strong OSV conjecture or the strong MT conjecture is correct. The paper is organized in the following order:
In the second section we present the SUGRA approximation and its subleading α ′3 corrections for backgrounds of the metric, the NS two-form and the metric in the type II string theories. We present the toroidal compactification we are intersted in.
In the third section we consider a dyonic black hole in the toroidal compactification of the critical type II string theories which represents a wrapped fundamental string carrying winding and KK momentum in the presence of HH and KK monopole [3] . We go to the limit of large charges and the vanishing string coupling constant outside the event horizon. Then we utilize Sen entropy formalism [4, 5] to evaluate all the perturbative α ′3 corrections to black hole entropy. We find that these corrections are not vanishing.
In the fourth section we summarize and discuss the possible resolution.
Dyonic black holes and the α ′ corrections
The leading worldsheet corrected action for the metric and the dilaton in the critical type II string theories reads
where
The entropy does not depend [7] on the field redefinition ambiguities [8] . Therefore, for the sake of the simplicity, we have chosen the fields in such a way that the effective action takes the above form (2.1), in accord with the eq. (2.18) in [6] .
and we are using the following notation
where Γ i nj is the connection on the space-time manifold. The supergravity action for the backgrounds of the metric (g) , the NS two-form (B) and the dilaton (φ ) is
If we consider the field strength of B as a torsion part in the connectioñ 
from which we see that the action in the supergravity approximation can be rewritten in a simpler form in the terms of the modified Ricci tensor,
The realisation of H as torsion would have been a simple trick to reconstruct the supergravity Lagrangian in the presence of the B field from the supergravity lagrangian in its absence. It is fair to conjecture that Conjecture 1. The realisation of H i jk as the torsion tensor, through (2.9), enables one to construct the cubic α ′ corrections in the bulk of type II string theories from eq. (2.3) for backgrounds of the metric, the B ij and the dilaton.
This conjecture was put forward in [2] . This conjecture helps us to write all the cubic α ′ corrections to the action by We are interested in a toroidal compactification of a ten dimensional Bosonic background in which the ten dimensional fields follow
where y i and z m are space-like directions each one being compactified on a circle. Note that a four dimensional observer interprets A 1 , · · · , A 4 as four distinct gauge connections, B µν as a two-form field and T 1 , T 2 , φ as scalars in the four dimensions. Due to the symmetries of the metric we can choose a sufficiently large volume for any non-trivial cycle in the compactified space within the patch of x i . We thus ignore the world-sheet or target space instantons corrections to the LEEA and we identify the LEEA in the four dimensions as the pullback of the ten dimensional action to the four dimensions. In the supergravity approximation, the pullback of the ten-dimensional action to the four dimensions reads
where R denotes the Ricci scalar of g µν and integrations by parts are understood and
.
(2.20)
We do not obtain the clearcut form of the cubic α ′ corrections in the induced action. We suffice to present it by
and we take the advantage of the fact that L (3) is a functional of the four dimensional Riemann tensor, the gauge field strengths and their covariant derivatives,
Entropy of the dyonic black hole
Now let us consider a dyonic black hole which carries electric charges of A 1 µ and A 3 µ and magnetic charges of A 2 µ and A 4 µ . The electric charges of A 1 and A 3 represent respectively the KK-momentum and winding numbers of a fundamental string wrapped around the cycle of y 1 . The magnetic charges of A 2 and A 4 represent respectively the KK-monopole and the H-monopole charges associated to the cycle of y 2 . The explicit forms of the fields for this dyonic black hole are presented in [3] . When none of the charges is zero then the dyonic black hole has a regular horizon with geometry of AdS 2 × S 2 outside which the string loop corrections can be ignored.
The near horizon configuration of the dyonic black hole at the supergravity approximation is AdS 2 × S 2 . When the horizon is large the α ′ corrections do not change the geometry of the horizon. Therefore the near horizon configuration of the α ′ corrected dyonic black hole can be written in the following way
where the horizon is located at r = 0 and v 1 , · · · , p 4 are constant parameters labelling the horizon. Note that v 1 and v 2 are constant due to the geometry of the horizon and T 1 , T 2 , s are constant since they represent the limit of r → 0 of the scalars. e 1 , e 3 , p 2 and p 4 are constant thanks to the coordinates chosen to represent the background and in accordance with the supergravity approximation. The induced action is a functional of the gauge field strengths but not of the gauge fields per se. Thus the entropy formalism techniques [4, 5] can be utilised to express the parameters of the near horizon configuration in terms of the charges of the dyonic black hole. The entropy formalism uses the entropy function defined by
where L( v , T , e, p) is the induced Lagrangian evaluated on the horizon configuration. The equations of motions are equivalent to
where q 1 and q 3 are the electric charges of the dyonic black hole and p 2 and p 4 are identified as the magnetic charges. Ref. [9] has considered this dyonic black as a generalisation of the null chiral sigma models [10] and has proved that there exists a scheme in which the fields do not receive any α ′ corrections. Thus the existence of an interpolating smooth perturbation from the horizon to asymptotic infinity do not require to modify the charges. The charges can be set to their values in the supergravity approximation [11] .
To evaluate the induced action on the horizon configuration we use (2.16), (2.17) and (2.18) to write the ten dimensional fields for the near horizon configuration, In ten dimensions using the ten dimensional fields (3.6) and (3.7) one finds that
from which the entropy function follows
14)
The extremum of the entropy function should be found in a perturbative way, therefore we write α ′ expansion series for the parameters labelling the horizon configuration
The entropy function in the supergravity approximation (α ′ = 0) is extremised by [11] 
Inserting the eq. (3.21) into the eq. (3.5) gives a set of linear algebraic equations for the cubic α ′ corrections (3.15) to the supergravity approximation (3.21). These linear equations are solved by
The modified Hawking-Bekenstein (Wald) entropy is expressed by the Legendre transformation of the entropy function evaluated on the horizon configuration [4, 5] 
Note that the modified Hawking-Bekenstein being evaluated on the extremum of the entropy function is independent of the values of v
at the cubic order in α ′ [12] . Using (3.21), the modified Hawking-Bekenstein (Wald) entropy follows 
Summary and discussion
We have considered the simplest BPS dyon in the toroidal compactification of critical IIB string theory to 4D as a laboratory to directly check the OSV conjecture. The OSV conjecture implies that such dyons should not receive any perturbative α ′ corrections.
Presuming that the field strength of the NS two form can be considered as torsion (MT conjecture), we have constructed all the α ′3 corrections from the known R 4 correction before having employed Sen's formalism to evaluate α ′3 corrections to the entropy of such simplest dyon. These corrections are found not only non-vanishing but also negative. This is conflicting with the OSV conjecture. It is likely that all the perturbative α ′3 corrections in the type IIB string theory can not be generated by considering the field strength of the NS two-form as the torsion of the space-time manifold from the known α ′3 R 4 corrections. A manifest computation of all the α ′3 corrections for backgrounds of NS two form, metric and dilaton, however, precedes achieving a clearcut conclusion. Such computation provides a simple and manifest check for the validity of the OSV conjecture.
